Concrete bridges chronically exposed to the natural environment are vulnerable to cracking. Under prestressing forces, the crack may close, but it will open under large dynamic loads, such as heavy trains. So the crack state can switch during the vibration. This paper investigates the nonlinear dynamic behavior of the prestressed concrete bridge with such a switching crack subjected to moving trains. Firstly, the finite element method is adopted to formulate the motion equations of train-bridge system while the crack state remains constant. Then the displacement components are analyzed to investigate the effect of static loads at the switching instant. Finally, an iterative algorithm is adopted to calculate the nonlinear responses. The proposed method is verified by the calculation of an actual prestressed concrete bridge, and the results show that the crack switching can increase the peak of the bridge displacement during the vibration, cause an obvious nonlinearity between the displacement and the vehicle mass, and make the displacement become more variable with the train velocity.
Introduction
Prestressed concrete bridges have found wide applications in railway engineering in recent years. Because of being chronically exposed to the natural environment, they are vulnerable to cracking under heavy trains, seismic excitation, and other loads. When the bridges are subjected to the independent action of static loads, especially prestressing forces, the cracks may be closed. However, if large dynamic loads, such as heavy trains, are present, the cracks will open and close in time depending on the structural vibration amplitude [1] . Various studies over the last decade have shown that a structure with such cracks exhibits nonlinear dynamic behavior [2] , and its safety and serviceability are seriously affected. So it is essential to study the vibration of the prestressed concrete bridge with such cracks under moving trains.
In recent years, the vibration of cracked structures subjected to dynamic loads has attracted more and more attentions of researchers, and many methods for analyzing the vibration were proposed. Generally, these methods can be grossly divided into two kinds according to crack models used.
The first kind is the modal method for the structure with switching cracks, which are either fully open or fully closed and can switch their state instantaneously, showing a bilinear behavior. The switching condition is assumed to be determined by the sign of the normal strain [3] , the displacement [4] , or the curvature [5] near the crack tip. When the crack is fully open, it may seriously affect the local stiffness and response of the beam. Its effect can be modeled by means of a rotational spring model [6] or a crack disturbance function [7, 8] . The overall behavior of the structure can be considered as a sequence of linear states, each of which can be evaluated through a modal analysis [5] .
Through the modal method, Law and Zhu [9] built an interaction model between the cracked beam and a moving vehicle, which was validated by an experimental test performed on a reinforced concrete beam with a T-section. Jaksic et al. [10] , respectively, calculated the eigenvalues of open and closed crack states to formulate the vibration of cracked bridges under a moving oscillator and concluded that the statistical properties of the bridge response were sensitive to the presence of switching crack. Fu [11] investigated the effect of switching cracks on the vibration of a continuous beam bridge subjected to moving vehicles and found that, compared to open cracks, switching cracks could result in higher acceleration and increase the high modal contribution to the displacement.
The second kind of method is mainly concerned with the structure with breathing cracks, for which there is a smooth transition phase between open and closed crack states. So the cracks can open and close continuously, and the crack state is assumed to be dependent on the responses, such as the contact condition at the crack interfaces [12] , the time [13] , or the curvature [1] . As the structural stiffness can vary with the crack state, it will change gradually during the vibration, and the structural behavior will exhibit obvious nonlinearity.
Ariaei et al. [1] directly used a discrete element technique to calculate the vibration of a beam with open and breathing cracks subjected to a moving mass and concluded that a beam with a breathing crack had less deflection compared to a beam with an open crack. Nguyen [14] adopted the finite element method to analyze the structural stiffness change before and after the breathing and used the instantaneous frequency of the responses under a moving vehicle to discriminate between open and breathing cracks. Andreaus et al. [2] used two-dimensional finite elements to solve the vibration of a cantilever beam with a breathing crack under the harmonic loads and impulsive loads and simulated the behavior of the crack as a frictionless contact problem.
From the aforementioned researches, it is seen that all these methods could analyze the structures with switching or breathing cracks and take the effect of dynamic loads into account. But there are few methods considering the effect of static loads. Most of researches about the vibration of prestressed concrete beams focused on the effect of prestressing force on the modal parameters. For example, Saiidi et al. [15] , Kanaka and Venkateswara [16] , and Miyamoto et al. [17] thought that the presence of prestressing forces decreases the natural frequencies due to the "compression softening" effect. But Hamed and Frostig [18] and Jaiswal [19] held the view that prestressing has no or negligible effect on the natural frequencies of prestressed beams.
For the prestressed concrete bridge with a switching crack, static loads including prestressing forces and the selfweight loading still persist during the vibration and may change the bridge time-history responses. It is because the sum of static and dynamic responses decides the state of the switching crack which finally affects the structural stiffness. Therefore, in this study, the dynamic behavior of the prestressed concrete bridge with a switching crack will be studied under a moving train. Firstly, motions equations of trainbridge system are firstly formulated through the finite element method; then the response components are analyzed at the switching instant to investigate the effects of static loads, and an iterative algorithm is adopted to obtain the bridge responses.
Vibration of a Prestressed Concrete
Bridge with a Switching Crack 2.1. Model of Train-Bridge System. As shown in Figure 1 , a prestressed concrete bridge with simple supports is considered. The axial direction of the bridge is taken as the -axis and the vertical direction as the -axis. It is assumed that the bridge mass and cross section are uniform along the -axis, and all deformations are small enough that an orthogonal coordinate system can be used. Suppose a switching crack appears on the bottom of the beam and its state depends on the horizontal normal strain at the crack region [3] :
where 0 denotes the total horizontal displacement of the bridge at its centroid, is the total vertical displacement of the bridge, is the eccentricity of the bottom edge measured downwards from the section centroid, is the distance from the mid-point of the crack to the left-hand support, and (), denotes differentiation with respect to . The crack opens if is positive; otherwise, it closes. When the bridge is subjected to only static loads, including the initial prestressing force and the self-weight loading, the crack is closed as the value of the negative strain caused by the prestressing force is bigger than that of the positive strain produced by the self-weight loading, as shown in Figure 2 (a).
Assume a train enters the bridge at a constant velocity V from the left-hand support. When the two wheels simultaneously move on the bridge and are close to the mid-span, as shown in Figure 2 (b), the crack may open as the strain produced by the train reaches its positive maximum at this moment, whose value is bigger than that of the strain sum under static loads. However, when the wheels approach the supports, as shown in Figure 1 , the crack may close as the strain becomes smaller.
Therefore, while the train is moving on the bridge, the crack alternates between the closed and open states. As the structural stiffness changes with the crack state, the bridge will show different behaviors for the closed and open states.
Motion Equations of Train-Bridge System When the Crack
Is Closed. If is negative, the switching crack is closed, and the bridge behaves like an uncracked bridge. Here, the finite element method (FEM) is adopted to formulate the motion equations of the prestressed concrete bridge with such a crack state subjected to a moving train.
The FEM formulation will be derived via Lagrange's equations, so the potential energy and kinetic energy of the bridge should be determined firstly. During the vibration, the internal potential energy can be given as
where and are the horizontal normal strains of concrete and bonded tendon, respectively; con and tend denote Young's modulus of concrete and tendon; and con and tend denote the volumes of concrete and tendon. Based on the kinematic relations between the small displacements and the strains of bridge, and can be written as
where 0 denotes the dynamic horizontal displacement of the bridge at its centroid, is the dynamic vertical displacement of the bridge, and tend denotes the tendon eccentricity measured downwards from the section centroid.
As the bonded tendon has a much smaller mass compared to the concrete bridge, its kinetic energy can be neglected, and the kinetic energy of the bridge can be expressed by
where is the mass density of the concrete, (⋅) denotes a derivative with respect to time, and is the horizontal displacement of the bridge, which can be written as
The external potential energy of the bridge is caused by the damping force, the train-bridge interaction force, and the tensile force increment of bonded tendons during the vibration, so it can be divided into three parts as follows:
where and are the horizontal and vertical damping coefficients, V is the number of the vehicles travelling on the bridge,̃is the location of V ,̂are the coordinate of the jth point where the slope of cable shape changes, tend is the tendon eccentricity at the jth point, and tend is the number of the change points. and are the vertical and horizontal force components caused by the tension increment 4 Mathematical Problems in Engineering of bonded tendon at the jth point during the vibration and can be expressed as
wherê− is equal tô− and̂+ is equal tô+ , where is a positive infinitesimal. Assume that the bridge is divided into elements by FEM and the tendon shape in each element is assumed to be linear even if the overall shape is curvilinear. Therefore, for the curvilinear cable, the change points of the slope are the nodes of the elements. With the aid of Hermite interpolation function [20] , the displacements can be represented by the displacements of its node:
where N ( ) and N ( ) are the Hermite interpolation functions, denotes the length of the element, is equal to ( − −1 )/ , u ( ) denotes the node displacement of the beam, and , , and 0 are the vertical displacement, sectional rotation, and horizontal displacement at the section centroid of the th node.
The general dynamic equation can be obtained from Lagrange's equations:
After substituting (2)-(8d) into (9), the following motion equations of the bridge can be obtained at each instant: 
where M con and K con are, respectively, the mass and stiffness matrices contributed by the concrete and ΔK tend is the equivalent stiffness matrix contributed by the bonded tendons. Explicit expressions for these characteristic matrices are given in Appendix A. F V is the nodal load of train-bridge interaction force, and̃denotes the serial number of the element in which V is located. C con is the damping matrix, which can be represented by the Rayleigh damping matrix [21] and written as
where 0 and 1 are the mass and stiffness proportional damping coefficients. Assume that a train with several vehicles enters the bridge from left-hand support at a constant speed V and each of the vehicles is represented by a four-degree-of-freedom model shown in Figure 1 . The motion equations of the vehicle model can be derived using Lagrange formulation as follows:
where M V , C V , K V are the mass, damping, and stiffness matrices of the vehicle, respectively, and they are given in Appendix B; U V = [̃Ṽ̃2̃( 2 −1) ] is the response vector of the th vehicle; P 0 = { V , 0, (2 −1) , 2 } is the load vector of the vehicle weight; P V = {0, 0, V(2 −1) , V2 } is the vector of train-bridge interaction force, which can be expressed by
where and are the stiffness and the damping of the wheels.
Substituting (12) and (13) into (10a)-(10d) the combined equations of the train-bridge system are obtained:
where M , C , K are the characteristic matrices of the trainbridge system. Explicit expressions for these matrices are given in Appendix C.
Is Open. If is positive, the crack is open and its effect can be modeled by means of the damage function designed for concrete structures, which was proposed by Abdel Wahab et al. [22] . The function completely describes the stiffness reduction around the crack region through a reduction in Young's modulus of concrete, which is expressed as follows:
where denotes the modulus around the crack region when the crack is open. , , and are the damage parameters of the crack and are determined by the vibration characteristics extracted from the experimental data. The first parameter characterizes the magnitude of the damage, with values between 0.0 and 1.0. Parameter characterizes the length of the cracked region and also has values between 0.0 and 1.0. Parameter denotes the variation of the modulus from the center of the crack to the end of the damaged region.
So the change value of the modulus before and after the opening can be written as
This change will cause a variation in the stiffness matrix of the bridge, which is written as
where crack denotes the number of elements locating in the crack region, denotes the serial number of the th element in the crack region, and con and con are the inertia moment and the area of the concrete section, respectively. As a result, when the crack is open, the combined equations of the train-bridge system can be expressed as
Nonlinear Dynamic Response of the Bridge at the Switching Instant
Suppose at the instant 0 the normal strain transfers from a negative value to a positive one, so the crack switches from the closed state to the open one. As the crack switching is instantaneous, the deformation of the bridge cannot respond immediately to the opening, and the total displacement and velocity are assumed to be continuous at 0 [5] . This continuity can be expressed as follows: For the prestressed concrete bridge, the total displacement consists of two parts: the static displacement and the dynamic displacement, so U can be expressed as
where u st = [ st st st0 ] ( = 0∼n) is the static displacement vector of the bridge. Meanwhile, the static displacement is related to not only the static loads, but also the structural stiffness. Therefore, at − 0 , the crack is closed, and U st can be expressed as
where F st is the static load vector caused by the initial prestressing force and the self-weight loading of the bridge. But at + 0 , the crack is open, and the stiffness changes. So U st can be rewritten as
Comparing (21) and (22), we can see that U st ( + 0 ) is not equal to U st ( − 0 ) as the stiffness in the two equations is different.
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By substituting (20a) into (19a), we can obtain the following equation:
From (23), it is found that, compared to U st ( − 0 ), U st ( + 0 ) has an added dynamic displacement, whose value is equal to the difference between the static displacements before and after the crack switching. Then U st ( + 0 ) can be taken as the initial displacement at + 0 , and (18a) and (18b) are solved to calculate the dynamic displacement beyond + 0 until the crack closes again. Finally, according to the current static displacement, the total displacement of bridge is obtained by using (20a) and (20b).
When the crack switches from the open state to the closed one, the bridge stiffness also changes and in a similar way the bridge displacements can be calculated.
As the total response of the bridge with a switching crack determines the crack state, which in turn affects the response through the structural stiffness change, the following iterative algorithm should be adopted to calculate the total displacements at the instant + Δ if the crack is switching:
(1) Estimate the normal strain at the crack region ( = 0) by using the total displacements at the previous instant according to (1) .
(2) Decide the crack state through at + Δ , and judge whether there is a crack switching through comparing the crack states at + Δ and at . to calculate the static and dynamic displacements, respectively, when the crack is closed; when it is open, use (22) and (18a)-(18b). If there is switching, take the added dynamic displacement into account through (23), and then use the corresponding equations to calculate the static and dynamic displacements.
(4) Calculate the total displacements at + Δ using (20a) and (20b), and estimate the strain ( +1) .
(5) Compare the two latest strains estimated, and calculate whether the strains satisfy the equation as follows:
where is the permissible error.
(6) If (24) is valid, the total displacements at + Δ are equal to the displacements that have been just calculated; otherwise, is assigned to + 1, and return to step (2) to calculate again.
Because the train is moving on the bridge and its location is changing, the characteristic matrices of the train-bridge system vary with time, and (14a)-(14c) and (18a)-(18b) are time-varying differential equations, which should be solved using step-by-step integration methods. In this paper, the Houbolt method [21] is used to obtain the bridge responses.
In this solving process, the difficulties lie in the calculation of the responses at the switching instants. In order to accurately obtain these responses, the key points for attention are given as follows:
(1) The influence of crack switching on the stiffness matrix of the train-bridge system should be taken into account.
(2) The added dynamic displacement caused by the switching needs to be calculated.
(3) The crack state estimated by the strain ( +1) should be identical with that estimated by .
Examples

Comparison with Experimental Data.
To validate the proposed method for the vibration analysis of train-bridge system, the displacements of an experimental concrete beam subjected to a moving vehicle are calculated by the method, and the results are compared with the experimental data from Law and Zhu [9] . The bridge and vehicle parameters are the same with those adopted by Law and Zhu [9] , and the crack is assumed to be in the open state if it is present. The compared results are shown in Figure 3 . From Figure 3 , we can see that the measured and calculated displacements are close to each other, no matter whether there is an open crack or not. This agreement indicates the effectiveness of the proposed method for analyzing the vibrations of intact bridges and cracked bridges.
Dynamic Behavior of a Prestressed Concrete Bridge with a Switching Crack under a Moving
Train. The bridge considered in this paper is a standard simply supported bridge used in Qian-Shen Passenger Dedicated Line of China, which is also a representative of the prestressed concrete bridges adopted for the China high-speed railway. Figure 6 shows the displacements at the mid-span of the bridge subjected to the train with a constant velocity of 200 km/h. To illuminate the different dynamic behavior of this studied bridge, its displacements are compared with those of two other bridges, which have the same bridge properties with the studied bridge, except in terms of crack type, as shown in Figure 6 .
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From Figure 6 , it is seen that all three bridges almost vibrate periodically with the train moving. Their displacements reach the positive peaks if the two wheels simultaneously move on the bridge and are close to the mid-span, while they reach the negative ones if only one wheel moves on the bridge and approaches the supports. However, the maximum value of the peaks is largest when the crack is switching. The reason for this may be found from the change of crack state during the vibration.
Compared to the constant stiffness of the bridge with an open crack or no crack, the stiffness of the bridge with a switching crack changes with the crack state, as shown in Figure 7(a) . As a result, at every switching instant, the static displacements caused by the static loads shift, an added dynamic displacement appears, and the dynamic displacement changes suddenly, as shown in Figure 7 (b). The added displacement can be viewed as an initial displacement at the switching instant, which will cause a free vibration of bridge at itself natural frequency. So beyond the instant, the added displacement can cause positive displacements and negative displacements during vibration. If the total displacement nearly reaches its peak and the displacement caused by the added displacement has the same sign with the dynamic displacement, the peak value will be increased. For example, at the opening instant 3.21 s shown in Figure 7(b) , the dynamic displacement decreases due to the appearance of the negative added displacement. However, at 3.26 s, the dynamic displacement reaches its positive peak, and the added displacement causes a positive displacement. It is because of the fact that there is about a third of the bridge fundamental period between 3.21 s and 3.26 s, during which the free vibration caused by the added displacement can change its displacement from a negative minimum to a positive value. Finally, the peak value of total displacement is increased, and the bridge vibration is intensified by the crack switching.
Effect of the Vehicle Mass on the Dynamic Behavior.
The actual train moving on the bridge possesses a random vehicle mass. Here assume the trains with different masses travel through the bridge mentioned in Section 4.2. The vehicle mass is changed from 36 t to 60 t, but the train velocity is held at 200 km/h. The effect of the mass on the maximum displacement is investigated in Figure 8 . It is observed that when the vehicle is light, the bridge with a switching crack has the same displacement with the bridge with no crack. It is because the light vehicles, such as the vehicle with a mass of 44 t shown in Figure 9 , produce a small normal tensile strain, which could not neutralize the compressive strain caused by static loads, including the initial prestressing force and the self-weight loading. So the normal strain at the crack region is still negative, and the switching crack remains closed during the vibration, which makes the bridge with a switching crack behave like an intact bridge. However, when the vehicle becomes heavier, such as the vehicle having a mass of 48 t shown in Figure 6 , the moving train will cause a bigger tensile strain, which makes the normal strain at the crack region alternate between the positive value and the negative one. So the crack will switch its state during the vibration and increase the bridge displacement. As a result, the heavier vehicle produces a larger maximum displacement when the crack is switching than when it is open.
From Figure 8 , it is seen that in the relationship between the maximum displacement and the vehicle mass there is a sudden change when the mass is equal to 44 t. It is due to the fact that the crack remains closed if the mass is less than or equal to 44 t, while it can switch if the mass is bigger than 44 t. For example, when the mass is equal to 45 t, it is close to 44 t, but the vehicle can make the crack switch, as shown in Figure 9 (b). So the maximum displacement changes suddenly when the mass changes from being 44 t to 45 t, and the relationship between the displacement and the vehicle mass exhibits an obvious nonlinearity.
Effect of the Vehicle Velocity on the Dynamic Behavior.
Assuming the vehicle mass is held at 48 t, Figure 10 analyzes the effect of velocity on the maximum displacement. It is observed that when the velocity is less than 72 km/h, the displacement of the bridge with a switching crack is the same with that of the intact bridge. When the velocity is more than 150 km/h, the displacement is biggest when the crack is switching. It is because of the fact that if the bridge is subjected to the train with a low velocity, the dynamic responses are small, and the switching crack remains closed during vibration. But if the velocity is high, the dynamic responses become bigger, and the dynamic tensile strain is large enough to neutralize the compressive strain caused by static loads. So the crack will switch with the normal strain at the crack region, and the displacement becomes larger. When the velocity is between 72 km/h and 150 km/h, the bridge with a switching crack behaves like an intact bridge under the train with some velocity, such as 120 km/h. But at some given velocity, such as 90 km/h, the train can cause the crack to be open for a few seconds. So the crack switches several times, and in the intervals between the switching instants the displacement is increased, as shown in Figure 11 .
Therefore, once the crack can switch, the displacement is increased, and a new local maximum appears in the relationship between the displacement and the velocity, as shown in Figure 10 . Compared to the bridge with an open crack or no crack, the bridge with a switching crack has a displacement that is more variable with the train velocity.
Conclusions
In this study, the nonlinear dynamic behavior of the prestressed concrete bridge with a switching crack is analyzed under moving trains. Firstly, the finite element method is adopted to formulate the motion equations of train-bridge system while the crack state remains constant. Then the displacement components are analyzed to investigate the effect of static loads at the switching instant. Finally, an iterative algorithm is adopted to calculate the bridge responses. The proposed method is verified by the calculation of an actual prestressed concrete bridge subjected to moving trains, and the following nonlinear behaviors of the bridge can be found:
(1) The crack switching can increase the bridge displacement during the vibration. It is because of the fact that the switching can cause the change of the bridge stiffness, which alters the static displacement and leads to an added dynamic displacement. This added displacement can be viewed as the initial displacement at the switching instant and will increase the peak of the displacement.
(2) The switching causes an obvious nonlinearity between the bridge displacement and the vehicle mass. This is due to the fact that the light vehicle produces a small dynamic tensile strain and makes the crack remain closed during the vibration. But the heavy vehicle produces a large strain and causes the crack to switch with the strain at the crack region. The state of switching crack changes with the vehicle mass, so does the bridge stiffness.
(3) The switching makes the displacement become more variable with the train velocity. The reason for this behavior is that under the train with low velocities the
where tend is the area of tendons. 
B. Explicit Expressions for the Characteristic Matrices in (12)
M
C. Explicit Expressions for the Characteristic Matrices in (14a)-(14c)
MK = [ K con + ΔK tend + K + VK cd −K conv − (K conv + VK cv ) K V ] , K = 2 V ∑ =1 A N ( ) N ( ) A , K = 2 V ∑ =1 A N ( ) dN ( ) d A , K V = 2 V ∑ =1 A N ( ) B , K V = 2 V ∑ =1 A dN ( ) d B , C V = [ [ [ [ [ [ [
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